Using numerical experiments we show that the phase synchronization concept enables better insight into the synchronization phenomena encountered in coupled nonlinear chaotic circuits. In some cases when the phase plot inspection does not allow to confirm synchrony such kind of behavior can be distinguished by inspection of the phase calculated using the analytic signal approach.
Introduction
In nature, structures composed of individual simple subsystems are wide-spread. Specific examples come from biology and medicine (tissues of living organisms) physics and chemistry (matter composed of atoms), etc. Properties of such systems depend on properties of individual subsystems and the way they are coupled together. Various models describing behavior of interconnections of a large number of simple systems have been proposed by scientists. Among them lattice models, exhibiting various types of collective behavior play an important role [Afraimovich et al., 1995; Haken, 1994; Kaneko, 1989 Kaneko, , 1990 Chaos, 1992 Chaos, , 1994 .
Among various types of collective dynamics one can observe many types of spatial, temporal or spatiotemporal ordered structures referred to as selforganization [Haken, 1994] or "pattern formation". "Organized" behavior is usually linked with coherent (synchronized) behavior of a number of subsystems in the network. Organized spatiotemporal behavior includes propagation of waves including solitons and autowaves, target waves, spiral waves and traveling wavefronts [IJBC, 1996] .
In our previous works we studied cooperative behavior in one-and two-dimensional arrays of Chua's circuits with resistive coupling between the cells [Ogorza lek et al., 1995 [Ogorza lek et al., , 1996 . In the present study we investigate synchronization phenomena observed in a steady-state in a ring (onedimensional array with connected ends) of coupled Chua's chaotic circuits. In experiments we use socalled balanced cells in which a self-coupling term has been introduced in each cell enabling simultaneous development of synchronized chaotic motion in all cells. For this setup we found several interesting synchronization phenomena, studied their stability and estimated the number of possible patterns [Galias & Ogorza lek, 1998; Galias & Ogorza lek, 1999] . In this paper using computer experiments we confirm the existence of a more general type of synchronization -namely the phase synchronization which up from our knowledge has not been described before for this type of network.
synchronization. There are several concepts of synchronization introduced in the literature starting from synchronization of periodic oscillators (such as clocks), through synchronization with external input (periodic) signal to synchronization of chaotic modes. Depending on how the synchrony occurs in the systems concepts of weak, complete, generalized and several other types of synchronization have been introduced. In this paper we will consider the so-called phase synchronization of chaotic oscillators. To be able to talk about phase synchronization several approaches have been proposed to describe the phase and frequency lockings in chaotic systems [Parlitz et al., 1996; Rosa et al., 1998; Rosenblum et al., 1996 Rosenblum et al., , 1997 .
Determination of phase based on the Poincaré map
In many experimental systems one can find a projection of the attractor onto some section plane (x, y). If the plot of this projection looks like a "smeared circle" we can define in a reasonable way a phase attributing to each rotation the 2π phase increase
where t n is the time of the nth crossing of the section plane by the trajectory. Having introduced the Poincaré (section) plane one can also introduce the phase as the angle between the projection of the point on the plane and a given direction on this plane
It should be noticed that this definition of phase depends on the choice of the section plane and therefore might be ambiguous.
Determination of phase using spherical coordinates transform
In simple third-order subsystems we can easily define the phase making a simple transform of the coordinate system (x, y, z) to the well-known spherical coordinates (r, θ, φ).
In this transform phase φ appears in a natural way.
Determination of phase using the analytic signal concept
Using the method of analytic signal we show that for specific choices of coupling parameters the interaction of chaotic oscillators can lead to a perfect locking of their phases while their amplitudes remain chaotic and decorrelated. Let us introduce first the basic notions of amplitude and phase of an arbitrary signal s(t). A general approach has been introduced by Gabor and is based on the analytic signal concept. The analytic signal ψ(t) is a complex function of time defined as
where the functions(t) is the Hilbert transform of s(t)s
(where P V means that the integral is taken in the sense of the Cauchy principal value). The instantaneous amplitude A(t) and instantaneous phase φ(t) of signal s(t) are thus uniquely defined. From (5)s(t) may be considered as the convolution of the functions s(t) and 1/πt. Hence the Fourier transformS(jω) of s(t) is the product of Fourier transforms of s(t) and 1/πt. For physically relevant frequencies ω > 0,S(jω) = −jS(jω) i.e. ideallys(t) may be obtained from s(t) by a filter whose amplitude response is unity, and whose phase response is a constant π/2 delay at all frequencies.
For chaotic oscillators we can calculate the phase from any observable variable s(t) so there is no unique phase of chaotic oscillations. However in some cases observables provide phases which agree with intuitive definition. To study phase synchronization of coupled chaotic oscillators we calculate phases of each of the oscillators and check the weak locking condition |nφ 1 − mφ 2 | < const (usually we require the constant to be small). In this paper we will just consider the case m = n = 1.
Notes.
(1) One should be careful during the computation of phases especially in the cases when the signal changes sign of the slope near the origin -in such cases we often observe in calculation phase jumps of 2π.
(2) Determination of chaotic signal phase and phase synchronization is highly dependent on the choice of the coordinate system -even a constant bias added to the measured signal can change the results completely. 
Experimental Setup
Let us consider a one-dimensional lattice of simple third-order electronic oscillators (Chua's circuits). The oscillators are coupled bidirectionally by means of two resistors cross-connected between the capacitors C 1 and C 2 of the neighboring cells. Every cell is connected with two nearest neighbors. The first and the last cells are also connected and the lattice forms a ring. The dynamics of the lattice composed of n cells can be described by the following set of ordinary differential equations
where i = 1, 2, . . . , n and we use the following boundary conditions x 0 := x n , z 0 := z n , x n+1 := x 1 and z n+1 := z 1 and f is a five-segment piecewiselinear function [compare with Fig. 1(b) ]
As in our previous studies we use typical parameter values for which an isolated Chua's circuit generates chaotic oscillations -the "double scroll" attractor 
Simulation Results
Let us consider the network composed of n = 7 circuits connected in a ring structure. In the experiments we have considered the uniform coupling and the coupling resistance is a variable parameter. One can observe very interesting phenomena of synchronization when the coupling coefficients are appropriately adjusted -e.g. in Fig. 3. In Figs. 2-5 we have shown respectively in rows (a) the phase plots showing projections of attractors; (b) x 1 variables of two successive cells plotted against each other; (c) the dependence of the phase (defined by the Hilbert transform) of the signal x 1 from a given cell on the iteration number; (d) the difference of the phases of two successive cells.
In the steady-state the network behaves chaotically, with some cells developing Roessler-type attractors in the upper and some in the lower half-space (compare with Fig. 4) . Such a state of the network will be called a pattern. With each pattern we can associate the sequence of 0's and 1's in such a way that if the ith cell operates in the upper (lower) half-space then we set the ith element of the sequence to 1 (0) [Galias & Ogorza lek, 1998 ].
In the cases when two successive cells synchronize in plots (b) one can see an almost perfect bisectrice line while in row (d) one can see a "0" phase difference line. Interesting insight into systems behavior is obtained in the cases when there is no perfect synchronization i.e. there is no more perfect line in the figures in row (b). In some such cases the inspection of the phases enables us to find almost perfect phase synchronization even though the phase plots do not indicate this. The phases grow with time (iteration number) but their difference remains bounded. In such cases we claim that there is phase synchronization but not amplitude synchronization (amplitudes vary chaotically). The four figures (2-5) different coupling parameter values. One can observe various types of synchronization -from complete lack of synchronization to perfect synchronization of some cells, phase synchronization of subsets of cells and lack of phase synchrony. For the sake of simplicity we considered here the phase differences between the successive cells only. Other types of synchronizations are often visible when considering more distant cells.
It is interesting to compare Figs. 5 and 6 which were obtained for the same experiment using two different techniques for calculating the signal phase. In Fig. 5 phases were calculated with the analytic signal concept (Hilbert transform) while the plots in Fig. 6 were obtained just by using the coordinate transform. In both cases the results were almost identical!
Conclusions
The introduction of the notion of the phase for chaotic oscillations allows a more detailed inspection and description of synchronization phenomena in arrays of coupled chaotic elements. In some cases when the plot inspection fails in detecting synchrony, calculation of phases enables determination of more generalized synchronization phenomena.
One should be however very careful with interpretation of the results as in many cases determination of phases might be ambiguous -this is often the case when considering the Rössler type spiral attractors for which the measured variables do not change sign during very long time intervals.
Studies show also that neighboring cells might not only synchronize -we have observed also synchronization of subcircuits lying far apart in the ring.
Also more complex synchronizations (m, n = 1) can exist -we suspect that this is the case for example in all our tested circuits when the phase difference plots represent straight lines (e.g. Fig. 5) . These results will be reported in a successive paper. 
